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IN THIS SECTION

Circles as basic primitive
m it’s all about the

underlying

geometry!

m Euclidean: triangles

m conforma

m {wo examp
m conforma

: circles
eS

| parameterization

m discrete curvature energies
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GEOMETRIES

The Erlangen program (1872)
m geometry through symmetrles
m affine, perspective
m conformal

ICAIICA’|=R?

Mobius xform
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CONFORMAL MAPPINGS

Piecewise Linear Surfaces
® map to domain
m discrete conformal =
m preserve angles @ 4

m as well as
possible

m circles as primitives
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PARAMATERIZATIONS

An old problem...
m can’t have it all

m keep angles
m keep areas

I | e :,*.'_\_,"' :.,
Mercator (1512-1594);
u r S e U Frontispiece of Atlas Sive
Cosmographicae (1585-1595)

m find discrete conformal map from
triangle mesh to Euclidean domain
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CONFORMAL MAPS

Mathematical basis s ——ms
theorem HEET
m unique (up to [ cC—-0,cC
M&bius xforms) ig—fi _ %_5
x “| € ¥ Jx L Jy fx] = |fy’
| FON=10) ) —f ()
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CONFORMAL MAPS

Mathematical basis e ——s5

m Riemann mapping @i 4

AN EEENEENEN"' w B
| Py
e B lds”

theorem Q-.:.:.:.:. ..... ) ~.Q )
m unique (up to S Cl =8 C

Mé6bius xforms) a_fz _ a_§

0=2),. (cotoc,] + cota ;) (vi —

Intrinsic M & :
angles in Texture coordinates

original mesh
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SOUNDS GREAT!

You knew there was a catch...
m Laplace problem
m Dirichlet or Neumann bndry. cond.
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SOUNDS GREAT!

You knew there was a catch...
m Laplace problem
m Dirichlet or Neumann bndry. cond.

m too much control or too little...
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AN OLD IDEA

Riemann mapping theorem

m conformal maps map infinitesimal
circles to infinitesimal circles

Thurston (85) P \

m finite circles =«
mcircle packing
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AN OLD IDEA

Riemann mapping theorem

m conformal maps map infinitesimal
circles to infinitesimal circles

Thurston (85) ™
m finite circles |
m circle packing < /Stephenson,s
CirclePack

© Ken Stephenson
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HISTORY

Theory
m early: Koebe 36; Andreev 70

m modern: Rudin & Sullivan 87 (hex
packing); He & Schramm g8 (C
convgce.)

m variational approaches 91-02

m de Verdiére, Bragger, Rivin, Leibon,
Bobenko & Springborn
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BASIC SETUP

Given a mesh

m local geometry around an edge
f 7 RETTw
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CIRCLE PATTERN PROBLEM

Rivin 94, Bobenko & Springborn o4
m given a triangulation K
® an angle assignment

Vei; €E:0<0, <
m sum conditions
Vi € Vipt Zeaviee =27
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CIRCLE PATTERN PROBLEM

Rivin 94, Bobenko & Springborn o4
m given a triangulation K Wz

é‘/ﬁ%‘?ﬁ
. g
® an angle assignment
Vei; €E:0<0, <
m sum conditions
Vi € Vint t Lesv,Be =210

2

\

<
WS ’i/‘

T

e
=TS

/A

Vv, € Vbdy K =21 — Zeaviee |
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CIRCLE PATTERN PROBLEM

Uniquely realizable iff
® a coherent angle system exists

/\k . /\k /\i /\j L
( Ak A&l
T—0O..— Q..
Vel-]-eE:Ge:< ,\;C] g
\

m linear feasibility problem
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GEOMETRY AT AN EDGE

Relationship between variables

m angle and radii x=logrij ~logrji
4 .
_ —1 *sin0 .
ok = < fe(x) =tan™" = ¢ e € Ejy
\ T — 0, e ¢ Ebdy
Vi 77 ‘\\
kAC | T
ViEeT :2n= qu’te R A
ect
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ENERGY

Solution is uniqgue minimum!
W convexenergyin p;jx=logr;

S(p) =Y (ImLi(ePk—PIF0%) 4 ImLi(eP1—Prt0e)
e€Lip
— (T —8¢) (P +p1))

— ) 2(m—6.)px+2m ) p;

e€Epqy teT

m easy gradients and Hessians!
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ALGORITHM

Angle assignment 0(6) = ¥[8, — ol 2
i Vo : 6 >0
W quadratic program |, .
m boundary curvatures | "scT et

. Ak
vvk S Vint . Zl‘l‘jkBchxij - 27[

m free, prescribed

. ak

Minimize energy

Lay out circles
m angles and radii determine layout

. vk
Yk € Vody Ztijkavkaij =T —Xg
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RESULTS

Disk boundary Prescribed boundary Free boundary

28+8S 26+95S 7+2S
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BOUNDARY CONTROL

P
AT / J
¥
- —/
1/
/

-'/.;,. —

[ { _I IS |

Y x A |

|

B )

| s 4 L

You get to control curvature...
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QUASI-CONFORMAL DISTR.
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QUASI-CONFORMAL DISTR.

1.5

1.25
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ROBUSTNESS
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PROBLEMS

The price to pay
m want angles

(nearly)
preserved

m must suffer
large area
distortion

I 1000

0.001
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PIECEWISE FLAT

Back to first principles
m what does the mesh give us?

m everywhere flat with some exceptions

m Euclidean metric with cone
singularities

41&»—:—-«@
AN
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CONE SINGULARITIES

Circle pattern approach
m allows for cone singularities!

B set cone vertices

W
yﬂ?

L

27 O; =Y, 5v,9i;

m rest of machinery works as before
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EXAMPLES

29
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PROPERTIES

Circle patterns with cone sing.

m discrete conformal a *
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PROPERTIES

Circle patterns with cone sing.
m discrete conformal |

m low area distortion
m arbitrary topology
W no cutting a priori! p
m globally continuous | -
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SUMMARY

Discrete conformal mappings
m formulate as circle pattern problem

m solution is min. of convex energy
m simple gradient and Hessian

W cone singularities
® no cutting a priori & arbitrary topology

You can have both: area & angle!
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MORE FUN WITH CIRCLES

Willmore energy of a surface

vanishes iff
D Ew(S) = / (H/2?~K)dA | | [(51 w21

sphere S
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MORE FUN WITH CIRCLES

Willmore energy of a surface

Ew(S) = [ (/2 ~K)dA

m of interest: minimizers
m theory of surfaces

MObius invariant
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MORE FUN WITH CIRCLES

Willmore energy of a surface

Ew(S) = [(H/2?=K)dA| [ [ swian

m of interest: minimizers

m theory of surfaces
m geometric modeling
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MORE FUN WITH CIRCLES

Willmore energy of a surface

Ew(S) = [ (/2 ~K)dA

m of interest: minimizers
m theory of surfaces
m geometric modeling
m physical modeling

/Soc+ B(H — Hp)? dA
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DISCRETE WILLMORE FLOW

Approach
m simplicial 2-manifolds

W preserve symmetries

m MODbius invariance
® non-linear formulation

m semi-implicit integration
m boundary conditions
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PREVIOUS

WORK

Discrete setting
m Discrete Differential Geometry

m 4™ order flows [SKo1][XPBos]
m use existing lower order operators

m discretized continuous setting

m level set

TWBOo03][DRo4]

m FEM [DDEo3]

DDG CoURSE SIGGRAPH

2005
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Disc. WILLMORE ENERGY

Definition [Bos]
m object of conformal geometry...
m ...use circles and angles
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PROPERTIES 1

Discrete Willmore energy

m vanishes iff co-spherical & convex

ZB] > 2T
J
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PROPERTIES 1

Discrete Willmore energy
m vanishes iff co-spherical & convex

ZBj > 2T ZOC]' < Z 3]-
J J ]
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PROPERTIES 1

Discrete Willmore energy
nes iff co-spherical & convex

m vanis

ZB] > 27
J

2 o< ) B;
J J

Z]B]—ZTC

ZTE—ZJ'OC]'

W;+K; >0

~—. H?dA >0

----
- -

DDG Course SIGGRAPH 2005

44




PROPERTIES I1

Discrete Willmore energy
m smooth limit Ji

D
R = tim (D)

e—0 W(Dg)

® independent of k,,
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PROPERTIES I1

Discrete Willmore energy
m smooth limit

. W(De)
K= éf}) W (De)

® independent of k,,

m R>1 with equality for curvature line
parameterizations
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PROPERTIES II1I

Evaluation
B symmetry

cosB'; = (A,C)(B,D) — (A,B)(C,D) — (B,C)(D,A)

DDG Course SIGGRAPH 2005
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PROPERTIES II1I

Evaluation
B symmetry
m derivatives Vk
m gradient

m N x N linear system in (a,b,c,d)
cosfp  (B,C)

|a|? MHd|~\\\

fvB = —csc(B) (Yaa +Ypb —Yec —Yad)

DDG Course SIGGRAPH 2005 48




PROPERTIES II1I

Evaluation
B symmetry
m derivatives Vk
m gradient

m N x N linear system in (a,b,c,d)

(A,C) <C,D>
B[] * To]ld]

£ = — csc(B) (taa + 1pb — Yec — 1)
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PROPERTIES II1I

Evaluation
B symmetry
m derivatives Vi

m gradient

m N x N linear system in (a,b,c,d)

(A,B) | (B,D)
clla] T

c[lal

B = — csc(B) (taa + b — Yec — 1)
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PROPERTIES II1I

Evaluation
B symmetry
m derivatives Vk
m gradient

m N x N linear system in (a,b,c,d)
cosfp  (B,C)

> lalld] \

£ = — csc(B) (taa + b — Yec — 1)
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PROPERTIES II1I

Evaluation
B symmetry
m derivatives Vk
m gradient
m N x N linear system in (a,b,c,d)
m exact Hessian is 3N x 3N...

4B — —cse(B) (aa+Ypb — Yec — 1)
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PROPERTIES IV

Gradient singularity
m what about csc(p)?

m direction of decrease

Boundary conditions
m fixed: easy

/

—

e
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PROPERTIES IV

Gradient singularity
m what about csc(p)?

m direction of decrease

—

e

Boundary conditions /
m fixed: easy

m free: add vertex at oo V/\\\
m boundary edge 3 v
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PROPERTIES IV

Gradient singularity
m what about csc(p)?

m direction of decrease

—

e

Boundary conditions /
m fixed: easy

m free: add vertex at oo /\

m boundary edge 3
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PROPERTIES IV

Gradient singularity
m what about csc(p)?

m direction of decrease

—

e

Boundary conditions /
m fixed: easy

m free: add vertex at oo /\ 3

m boundary edge 3
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RESULTS 1
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RESULTS 1

A

Simple tests
m sphere
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RESULTS 1

Simple tests
m sphere
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RESULTS 1

Simple tests
m sphere
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ey

A

Simple tests
m sphere

61

DDG Course SIGGRAPH 2005




RESULTS 1
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RESULTS 1

ey

A

Simple tests
m sphere

® boundaries
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RESULTS I1
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RESULTS III

Hole filling
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RESULTS III

Hole filling
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RESULTS III

Hole filling
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RESULTS III

Hole filling
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RESULTS III

Hole filling
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RESULTS III

Hole filling
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RESULTS III

Hole filling

Inpainting

=
g
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U
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RESULTS I1I1

Hole filling

Inpainting
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RESULTS I1I1

Hole filling

Inpainting
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RESULTS I1I1

Hole filling

Inpainting
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RESuLTS IV

Shrinkage free denoising.

DDG Course SIGGRAPH 2005

75




SUMMARY

Discrete Willmore flow
m preserve symmetries: Mobius
m semi-implicit time stepping
m relevance in many geo. proc. areas

m surface theory
m variational geometric modeling
m physical modeling
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OUTLOOK

Future work
m more boundary conditions

W incorporate reference curvature
m control of triangle quality

m variational subdivision

®m numerical robustness
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CIRCLE SUMMARY

Obey the geometry

m what geometry do the objects of
interest belong to?

m conformal parameterization
M curvature energies

m circles and the angles they make
with one another

m complete non-linear treatment
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