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IN THIS SECTION

What characterizes shape?
m brief recall of classic notions
®m mean and Gaussian curvature

®m how to express them in the
discrete setting of meshes?
m putting them to work

®m smoothing
m parameterization
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SURFACES

Basic setup | /@
m parameterized surface AZS
S’:E§2::>£2‘—>HR3 ? {MigziD

S(uav) — (x(u7v)7y(u7v)7Z(u7V)) W’;f*m:__

m tangent vectors
c:I1—S ¢c0)=p

m fangent space
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METRIC ON SURFACE

Measure stuff
m angle, length, area
m all require an inner product  (v,w)
B we have:
m Euclidean inner product in domain
m want to turn this into:
® inner product on surface
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LIFTING ONTO SURFACE

Use basis vectors /;jfn
= du and dv in domain i

o _ \
~ )
I 4 | ?‘

mS andS, onsurface [ (=27

m record all their inner products

;o ( (S.u(p),Su(p)) (Su(p),Sy(p)) )
P Svp),Sulp)) Svp),Sy(p))
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LIFTING ONTO SURFACE

Use basis vectors /O
= du and dv in domain o
mS , andS, onsurface L;?J
m record all their inner products

;o[ T-0)
P O’Y/!

m two invariants: trace & determinant
m average length & area  [I+7|
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FIRST FUNDAMENTAL FORM

Measuring area I
W areas in tangent space _

// \s,uxs,v\dudv:A(S):/MA
Q S

®m no dependence on parameterization

m discrete setting... easy
m sum areas of triangles
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GEOMETRY OF THE NORMAL

Gauss map AN
o / 2 7 Va k:“;:__:”j:wz%
mnormal at point /17y 7
i~ s
S u X S JV =
N
M=o Nis—s?

W consider curve in surface again
m study its curvature at P, ;\ - {:‘;;‘)
m normal “tilts” along curve

N/
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SHAPE OPERATOR

Derivative of Gauss map / < N
m second fundamental form -

1y(v) = (dNp(v),v) ~{sedon]
m local coordinates
o :_< (N, Sua)  (N,S ) ><E F)l
P (N,Su) (N.Sw)y J\ F G
® unpleasant expression

M invariants again...
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INVARIANTS

Gaussian and mean curvature

m determinant and trace only
dethp =K1K =K intrinsic
tl‘de =K1 +Kr=H extrinsic

m eigen values and (ortho) vectors

de(el) = K1€1 de(ez) = K2¢€>
Hplscr,s < HIEE : 2
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CURVATURES

Integral representations o1

= smooth setting TN

1 2T L ﬂ )

H 2 — K e d e .II‘.\'\:; _,.,.,.:$,1-;.,-s¢-“’;g9/
p/ o /0 n(6)

A
A—0 A
B on a mesh?

®m hold on...
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GAUSSIAN CURVATURE

On a mesh

m can’t take the limit...

m average does make sense

K,~AK, ~
[417 P

A

\

A
A—0 A

only makes sense
as an integral,
NEVER pointwise

2T — Z OCjk
Ipjk

Discrete Gauss
curvature at a vertex
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A GoOD DEFINITION?

Gaussian curvature over a surface
m Gauss-Bonnet

2—2g —h
closed, 27‘5)( — / K1K2 dA — /KdA
oriented . S S
m discrete
Ki = 2T — Z OCjk
lijk E—

ZK,- =2n(V —F/2) =2n(F —3F/2+V) = 2my
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SCALAR MEAN CURVATURE

Integral representation
m variation along a vector field

e 2 T Bita,
g 4 T
b e B S50

R,

9y Vol — / (V,N) dA
t for constant

P V move out
ARV S, N of integral
i = M‘tl* \>

—
dy Area = / (V.H)dA

~ OdyArea

~ dy Vol

| [HdA

| [NdA|
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BOUNDARY INTEGRALS

Vector area

m volume gradlent vector are%\;\

D C S aD another normal

/NdA_l/zjqux a’x—Ay}

m discrete version

|- by

.

| [HdA|

| [NdA]

/

only makes sense 3‘Al — /2Zp] X Pj+1 — Ay

as an integral, -
NEVER pointwise area weighted

triangle normals
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BOUNDARY INTEGRALS

. - || [HdA]
Area gradient TN
W vector mean curvature SEARN

D C S ’y: aD another normal ) \/ /f/

\ N/

J \ /

/ HdA = j[N X dx \ /
D Y %f

m discrete version

only makes sense
as an integral,
NEVER pointwise

He, =eXNi—eXxX Ny
IHe| = |e|25in6/2]
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BOUNDARY INTEGRALS

Area gradient

W vector mean curvature AT
DcCS ’y: aD another normal (\/// {Ljf/// |
.

j &“\\V\\_V\\} \_W;/./
/ HdA = j[ N x dx \ /
D Y

m discrete version

VAR 7
2 [ \ 7/
only makes sense 2Hl — ZjHeij — 2VZA o\
as an integral,

NEVER pointwise — Zj(COt OCi]’ —+ cot O('ji) ) — p])
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LAPLACE- (BELTRAMI)

Surface over tangent plane
M in eigen basis

d?  d?
H,=Af = |
P (du2 dy2
principal curvature
directions

m Laplace-Beltrami H=AgS

Laplace on ...0f the
the surface surface
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GEOMETRIC FLow (AREA)

Minimize area energy .
m minimal surface

l@4:::jé;la&1 fh-::-—‘ZE;‘

i
i
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GEOMETRIC FLow (AREA)

Minimize area energy . .. |
m minimal surface y

2aiAtijk — RTC/2 (pk o p])

dhpi = —ViEy
= —1/2%,, (cotay;+cota;;) (p; — pj)
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MEAN CURVATURE

Laplace-Beltrami
- Dirich‘let energy

| | _
min/(Vu)zf\» Au=0
i|gq = uo

FLOW

m on surface

H=AS = ——
0T oA

DDG Course SIGGRAPH 2005

21




MEAN CURVATURE

Laplace-Beltrami
- DirichAlet energy

| | _
min/(Vu)zf\» Au=0
i|gq = uo

m on surface

dpi = —H;

FLOW

= —1/4A;%,, (cotayj+cota;)(p; — p))
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PARAMETERIZATIONS

What is a parameterization?

m function from some region Q C R?
to the embedded surface MC R3

S(u,v) = y(u,v) /A / — B ]

z(u,v) ) | K b s

m we go the other way around

®m how to measure distortion?
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MEASURING DISTORTION

Dirichlet energy of a map
m discrete harmonic Agu=0 u|yn =ug

Ep(u) = [ (Vgu 2 dA
S
B minimizer is discrete harmonic
0=2; cotoclj+cotoc u;—u;

I angles in mesh I—z‘
texture coords.

m need to fix boundary
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HARMONIC MAP

Properties of minimizer
W area minimization of triangle

ds ds \ _ A =
<8u1’au2>_0|\

<

s s
ou ou»

conditions for u
to be conformal

\<

1 as ds
1 ds ds
Z/T dui | |duy du

2 2
ds . [ Os
/T(M) | (3u2) du

i
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DISCRETE CONFORMAL

Minimizer of conformal energy
B Ec-(u)=Ep(u)— Area(Range(u))

Fixed boundary:

Dirichlet — constant

Dirichlet

Free boundary:

Neumann — match gradients

Tl

L

WL

D

)

M

AN

| =

Neumann
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RECAP

Invariants as overarching theme

m shape does not depend on
Euclidean motions

® metric and curvatures

® smooth continuous notions to
discrete notions

m variational formulations
m careful: generally only as averages
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TooLs

Operators we have now
m volume gradient: notion of normal
M area gradient: notion of normal
® also: mean curvature & LB _{Harmonic|
m smoothing, parameterization,

editing (bi-Laplace-Beltrami) ™\
| Conformal |

AZS =0
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DOWN THE LINE

Approach so far
m essentially linear: PL mesh...
m same equations can be derived with

m DEC: discrete exterior calculus
m abstract measure theory

There is more
B some invariants are non-linear
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