










where the second equality holds due to (7). The position-
momentum form of the variational integrator discussed above is
then given by:

pk = −D1Ld(qk, qk+1) , pk+1 = D2Ld(qk, qk+1). (8)

For (qk, pk) known, (8)(left) is an (often implicit) equation whose
solution gives qk+1. qk+1 is then substituted in (8)(right) to find
pk+1. This provides an update rule in phase space.

5.4 Adding Dissipation

In case of forcing and/or dissipation, the discrete action can be mod-
ified by adding the non-conservative force term and using the dis-
crete Lagrange-d’Alembert principle [Marsden and West 2001]:

δSd +
N∑

k=0

(
F−d (qk, qk+1) · δqk + F

+
d (qk, qk+1) · δqk+1

)
=0.

where F−d (qk, qk+1) and F+d (qk, qk+1) are discrete external forces
acting respectively on the right of qk and on the left of qk+1.
In other words, F−d (qk, qk+1) · δqk + F

+
d (qk, qk+1) · δqk+1 can

be seen as a two-point quadrature of the continuous forcing term∫ tk+1
tk

F · δq dt. The forced discrete Euler-Lagrange equations can
be expressed in a convenient, position-momentum form as follows:

pk = −D1Ld(qk, qk+1)− F−d (qk, qk+1) ,
pk+1 = D2Ld(qk, qk+1) + F

+
d (qk, qk+1).

This variational treatment of energy decay, despite its simplicity,
has also been proven superior to the usual time integration schemes
that often add numerical viscosity to get stability [West 2003].

5.5 Last Words

Variational integrators often perform better than their non-
variational counterparts because they preserve the underlying
geometry of the physical system. This has two important conse-
quences. First, the integrators are guaranteed to be symplectic,
which in practice will result in excellent energy behavior, rather
than perpetual damping or blowing up. Second, they are also guar-
anteed to preserve discrete momenta of the system. As a conse-
quence, simulations and animations using these integrators usually
have great physical and visual fidelity with low computational cost.
Caveat: The reader may be misled into thinking that our scheme
does not require the typical Courant-Friedrichs-Levy (CFL) condi-
tion (or equivalent) on the time step size. This is, of course, untrue:
the same usual theoretical limitations of explicit schemes are still
valid for symplectic explicit schemes. However, we can easily de-
sign symplectic implicit schemes that do not share this particular
limitation, generally allowing for much larger time steps. Finally,
we can make them of arbitrarily higher order by simply improving
the quadrature rule used to convert the continuous Lagrangian into
a discrete Lagrangian.
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